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Abstract In this letter, we have given the density operator of quantum interference of many
atoms in spinor Bose-Einstein condensates.
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1 Introduction

Recent advance of experimental techniques on Bose-Einstein condensate (BEC) prompts
us to closely and seriously look into theoretical possibilities which were mere imagination
for theoreticians in this field. This is particularly true for spinor BEC where all hyperfine
states of an atom Bose-condensed simultaneously, keeping these “spin” states degenerate
and active. Recently, Barrett et al. [1] have succeeded in cooling Rb87 with the hyperfine
state F = 1 by all optical methods without resorting to a usual magnetic trap in which the
internal degrees of freedom is frozen. Since the spin interaction of the Rb87 atomic system
is ferromagnetic, based on the refined calculation of the atomic interaction parameters by
Klausen et al. [2], we now obtain concrete examples of the three-component spinor BEC
(F = 1, mF = 1,0,−1) for both antiferromagnetic (Na23) [3] and ferromagnetic interaction
cases. In the present spinor BEC the degenerate internal degrees of freedom play an essential
role to determine the fundamental physical properties [4–13]. There is a rich variety of
topological defect structures, which are already predicted in the earlier studies [14, 15] on
the spinor BEC. Law et al. [16] constructed an excellent algebraic representation of the
F = 1 BEC Hamiltonian to study the exact many-body states, and found that spin-exchange
interactions cause a set of collective dynamic behavior of BEC. Recently, Zhang et al. [17]
studied dynamic spin localization of spin-1 condensate driven by external magnetic fields.
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Zou et al. [18] investigated quantum entanglement of many atoms in spinor Bose-Einstein
condensates. In this letter, we shall study the density operator of quantum interference of
many atoms in spinor Bose-Einstein condensates.

2 Model

We consider a dilute gas of trapped sodium atoms with hyperfine spin f = 1 trapped in
a one-dimensional optical lattice, in which hyperfine states |f = 1, mf = 1〉 and |f = 1,
mf = −1〉 are coupled by classical laser pulses. The Hamiltonian of this system is H =
H0 + Hint, where H0 and Hint stand for the three-component condensate and the interaction
between external fields and condensate, respectively:
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where ψα is the atomic field annihilation operator associated with atom in the hyperfine
spin state |f = 1,mf = α〉(α = −1,0,1), The mass of the atom is given by M , and V (r) =
V0[sin2(kx) + sin2(ky)+ sin2(kz)] is the optical lattice potential which is assumed to be the
same for all three spin components. k = 2π/λ, λ is the wavelength of the laser field, and V0

is the tunable depth of the potential well. A convenient measure for the strength V0 of the
lattice potential is the recoil energy Er = k2/2M . The coefficients λs and λa are related to
s-wave scattering lengths a0 and a2 of two colliding bosons with total angular momenta 0
and 2 by λs = 4π(a0 +2a2)/3M and λa = 4π(a2 −a0)/3M . � is coupling strength between
external fields and condensates.

In the Mott regime (V0 � Er ), the potential barrier between all lattice sites is high so that
no tunneling takes place through the optical lattice. the confining potential at a single lattice
in this case can be well approximated by a harmonic potential V (r) = V0k

2(x2 + y2 + z2),
and the condensate in the lattice can be confined to the ground state of harmonic potential.
Therefore, the Hamiltonian of the system can be described by

H0 = (λ′
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where N = a
†
0a0 + a

†
1a1 + a

†
−1a−1 is the total number of atoms in the condensate, which

is a constant operator. λ′
i = λi

∫
d3r|φ(r)|4/2 (i = a, s), where φ(r) is the ground state of

the trapped potential. Experiment [19] show that we can tune the Rabi frequency � within
the large range by adjusting the laser parameters, i.e., � � Nλ′

a , where N is the number
of atoms in the condensate. In the present paper, we shall neglect the term N(N − 1) of
(3) because this term denotes a simple constant energy shift and has no contribution to the
dynamics of the system.
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In order to study how the system’s dynamics is modified by the strong classical fields, one
can introduce the dressed basis operators b1 = 1√

2
(a1 +a−1), b−1 = 1√

2
(a1 −a−1), and switch

to the interaction picture and consider the strong laser regime � � Nλ′
a (so a rotating-wave

approximation is used), then the Hamiltonian of the system can be expressed by [18]
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which is the starting Hamiltonian for the following discussion.
We start with the BEC prepared in the internal level |f = 1,mf = −1〉, namely, the

initial state of the system is

|	(0)〉 = |0〉1|0〉0|N〉−1. (6)

Based on (5), the state of the system at the time t becomes
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3 Density Operator of Quantum Interference of Many Atoms in Spinor Bose-Einstein
Condensates

The dissipation is included by considering the master equation

∂ρ̂

∂t
= −i[Ĥ ′, ρ̂] +

∑

j=0,±1

γj (2b̂j ρ̂b̂+
j − b̂+

j b̂j ρ̂ − ρ̂b̂+
j b̂j ), (10)

where γj (j = 1,2,3) denotes the dissipation or loss rate due to some relaxation processes
such as the coupling of the atoms in the system considered with the environment. For sim-
plicity, in the following discussion, we will take γ1 = γ2 = γ3 = γ . It is pointed out that
the dissipation coming from the two-body process is not considered here for simplicity al-
though it is also very important in the experimentally situation of interest. Note that the
dissipation terms are identical to those commonly used in laser theory or measurement the-
ory for continuous observation of interference fringes from the Bose-Einstein condensates
but differ from those in the another atom detection scheme which amounts to neglecting the
terms 2b̂j ρ̂b̂

†
j in the above master equation. These terms may partially account for the loss

due to particles escaping from the condensates, which can be understood by noting that the
long-time asymptotical distribution of (10) is that with no particles at all in each condensate.

The master equation (10) can be solved exactly for any chosen initial state. In particular,
we consider the case that the atoms in the system are initially in the coherent state (cs)
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ρ̂(0) = |u1, u2)(u1, u2| , and present the exact solution of the master (10) for such initial
states. We expand the density operator at time t in the following form:
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so (11) can be rewritten by
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where we have used u1 = |u1|eiϕ1 and u2 = |u2|eiϕ2 .
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